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1. INTRODUCTION 
This is a study of those entire functions of exponential type that are of 
completely regular growth. An entire function f of one complex variable is of 
exponential type if If (z)l < Ae”“’ for some constants A and B and for all z. 
A measure of the growth of If (z)l on the ray arg z = 0 is given by the 
Lindelof indicator function 
We shall be concerned with how often r-’ 
r-’ log 1 f (r-e@)! 
log If (rP>~ is close to hhe). If 
is close to qe) for “most” r (see Definitions 3.1 and 3.2), 
then we say f is of completely regular growth on the ray arg z = 0. If 
r-’ log 1 f (reie)l is close to h,(B) for “most” points z = re’* in some wedge in 
the complex plane with vertex at the origin, then f is of completely regular 
growth in that wedge. 
Levin [4] has studied functions of completely regular growth in detail. He 
has given two definitions of completely regular growth in a wedge and has 
shown that the two definitions are equivalent when the wedge is the entire 
complex plane. In Sections 3 and 4 of this paper, we introduce a third 
definition and show that all three definitions are equivalent. This provides a 
shorter proof of the equivalence of Levin’s two definitions and proves the 
equivalence in the more general case of a wedge. We try to provide here 
more motivation than is usual, because of the difficulty in reading Chapters 2 
and 3 of Levin. 
* The material in this paper comprised part of the author’s doctoral dissertation at the 
University of Michigan, which was written under the guidance of Professor Douglas G. 
Dickson. 
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It has recently been brought to my attention that a characterization 
similar to Definition 3.3 has been formulated by Azarin [ 11. However, there 
appears to be a serious gap in the proof of Lemma 0 of the paper. I have 
been unable to verify line 10 on page 57 of Azarin’s paper. Since R < Ri+, , 
it does not follow from property b on page 56 that meas[E, n (Ri, R)] ,< 
(m*(Ei) + (1/2’))(R - Ri). A zarin appears to have used this inequality in 
obtaining line 10. 
2. PRELIMINARIES 
Let f be an entire function of one complex variable. For positive r, let 
M,(r) = sup{ If(z)): (z] = r). Let u = -co iff is identically zero; otherwise let 
7 
u= hm log M&-J 
r-00 r 
The function f is of exponential type if u < co. 
If f is of exponential type, then the Lindel$ indicator function off is 
defined for each 8 in [0,27r] by 
hJe> = lim log If Q-e’9 r-00 r ’ 
As a convention, we let h,(e) E -co if f is identically zero. The indicator 
function off is denoted by h(B), instead of h,(e), whenever there is no danger 
of confusion. 
Three properties of the indicator function are listed below. Properties (a) 
and (b) are Theorems 5.1.9 and 5.4.5 of Boas [2], respectively. Property (c) 
follows from property (b), the trigonometric convexity of h(0) [Z, 
Theorem 5.1.71, and the Mean Value Theorem. 
THEOREM 2.1. Let f be an entire function of exponential type. Then, 
(a) for each positive E there exists R = R(E) such that r >, R implies 
log If (re’“)l < (h(0) + E)r for all 8; 
(b) -a<h(O)<o; 
and 
(c) 1 h(8,) - h(t9,)( < 30 (8, - O,( whenever I@, - 19~1 < 7c/4. 
We wish to discuss the frequency with which r-’ log ) f (re”)(is near h(8). 
To do this precisely, we first define useful small sets. 
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DEFINITION 2.2. Let E be a Lebesgue measurable set of positive real 
numbers. Let m,(r) = meas(E n (0, r))/r where meas denotes Lebesgue 
measure. The upper relative measure of E is defined by mE =i&,- mE(r). 
E is called an E”-set if m, = 0. 
It is not hard to show that every E”-set is contained in an open E”-set. 
DEFINITION 2.3. Let D be a countable set of disks {dj} in the plane of 
the form dj = {z: IL - ajl ( pj). Let P,(r) = (l/r) Claj, Gr pi. Then the upper 
7 
linear density of D is defined by PD = hm,+, PJr). D is called a Do-set of 
disks if PD = 0. 
In what follows, we abuse notation slightly and write z 66 D when we 
mean zGUdj. 
3. THREE TYPES OF REGULARITY 
We now define three types of regularity. In the next section, we establish 
the equivalence of these types of regularity. The third definition sheds a new 
light on functions of completely regular growth. 
If a < p, let the wedge determined by the rays arg z = a and arg z = p be 
denoted by FV(a, p) = (z = refe: r > 0,0 E [a, /I]}. Whenever p - a > 2n, it is 
understood that W(a, p) = C. 
DEFINITION 3.1 (Disk definition of completely regular growth). An entire 
function of exponential type f is of completely regular growth in W(a, /I) if 
there exists some Do-set of disks D such that 
yrn log If(reie)l = h(,j) 
r-03 r 
W’Q!D 
uniformly in 0 for B in [a,P]. 
DEFINITION 3.2 (Ring definition of completely regular growth). An entire 
function of exponential type $ is of completely regular growth in ?V(a,P) if 
there exists some E”-set E of positive real numbers such that 
,im log if kei”)i = h(8) 
r-00 r 
r@E 
uniformly in B for 0 in [a, p]. When a =p, f is said to be of completely 
regular growth on the ray arg z = a. 
In either definition, if W(a,& = C, we say simply that f is of completely 
regular growth. 
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Because every E”-set is contained in an open E”-set, we can think of the 
set E in Definition 3.2 as a union of open intervals. E and W(a, p) then 
determine the set {z = reie: r E E, a < 8 <fi}, which is a union of ring 
sections of the form {z = re’s: r’ < r < r”, a < 0 < /3}. These ring sections 
have the property that for each positive E the inequality 
log jf(re’“)l 2 (h(0) - c)r 
holds for r sufficiently large and reie not in these exceptional ring sections. 
Contrasting this with Definition 3.1, we see that the difference between the 
two definitions is that in Definition 3.1, the above inequality holds outside 
some exceptional disks, while in Definition 3.2, the inequality holds outside 
some exceptional ring sections. 
One problem with Definitions 3.1 and 3.2 is that the negations of the 
definitions are difficult to use. For this reason. we define the following 
measure of regularity. 
DEFINITION 3.3. An entire function of exponential type f is of sequen- 
tially regular growth on wide ring sections in W(a,/3) if given positive 
numbers E and 6 there exists R = R(E, 6) for which Y > R implies 
log If(re’“)l > (h(6) - E)r 
for some r in ((1 - 6)r’, i) and for all B in [a, /I]. When a =/J, f is said to be 
of sequentially regular growth on wide intervals on the ray arg z = a. 
Frequently this condition is simply referred to as sequentially regular 
growth. The terminology of Definition 3.3 is suggested by the following 
theorem, which states that f is of sequentially regular growth on the ray 
arg z = 8 if and only if r-’ log If(re”)l approaches h(0) on properly chosen 
points in each sequence of wide intervals on that ray. The proof of this 
theorem follows easily from Definition 3.3 and is omitted. 
THEOREM 3.4. Let f be an entire function of exponential type. Then f is 
of sequentially regular growth on arg z = 8 if and only iffor each sequence rk 
7- 
increasing to infinity and 6 > 0, hm,+,,,,,,(log If(reie)j/r) = h(8) where I = 
4. THE EQUIVALENCE OF DEFINITIONS 3.1, 3.2, AND 3.3 
It is easy to see that Definition 3.1 implies Definition 3.2, since the excep- 
tional ring sections can be generated by sweeping the exceptional disks 
radially around the origin. 
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THEOREM 4.1. The disk definition of completely regular growth implies 
the ring definition. 
Proof. Suppose f satisfies the disk definition of completely regular 
growth in W(a, /?). Let D = (dj/ be the Do-set of exceptional disks where 
dj={z:Iz-afl~<pj}.IfE={r:]r-~aijI~p,forsomejJ,thenEisanEo- 
set since ME(r) ,< 2P,(r). 
Let E > 0 be given. Then there exists R such that log If(re”)/ > (h(8) - E)r 
for r > R and B in [a,/?], provided reie & D. Since r & E clearly implies that 
reie & D for all 0 in [a, p], log jf(re”)l> (h(8) - e)r for all r > R and 0 in 
[a, p], provided r & E. Therefore, f satisfies the ring definition of completely 
regular growth. 
The proof that Definition 3.2 implies Definition 3.3 is equally 
straightforward. 
THEOREM 4.2. The ring definition of completely regular growth implies 
sequentially regular growth on wide ring sections. 
Proof Suppose f satisfies the ring definition of completely regular 
growth in W(a, /?) with exceptional E”-set E. Let E and 6 in (0, 1) be given. 
Choose R, with the property that log If(re”)l> (h(S) - e)r for all r > R I 
and B in [a, /?I, provided r 6Z E. Choose R, so that mE(r) < 6 whenever 
r>,R,. Finally, let R = l/(1 -6)max(R,,R,). 
Suppose ? > R. Since mE(i) < 6, there must exist some r in ((1 - 6)?, 3 
which is not in E. It follows that log 1 f (re”)l> (h(8) - e)r for all 6 in [a, p]. 
Therefore, f is of sequentially regular growth in W(a,P). 
The proof that Definition 3.3 implies Definition 3.1 takes several steps. We 
first state the following minimum modulus theorem [4, Theorem 11, p. 211. 
THEOREM 4.3. Let f be analytic in the disk )z) < 2eR (R > 0) with 
f (0) = 1, and let q be an arbitrary number in the interval (0,3e/2). Then 
inside the disk (z ( Q R, but outside an exceptional set of disks the sum of 
whose radii is at most 4qR, 
where H(q) = 3 + log(3/2v). 
The next theorem is similar to a theorem of Bernstein [4, Theorem 3 1, 
p. 73 ] and states basically that if log ) f (re’“)l/r is very close to h(B), then 
log (f (z)l/lzl is quite close to h(arg z) at most points z near reie. 
THEOREM 4.4. Suppose f is an entire function of exponential type o. Let 
E and w be arbitrary numbers in the interval (0, 1). Then there exist positive 
numbers R, 6, and y with the following property: if z0 = pela is such that 
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p > R and log If(zJ > (h(u) - y)p, then log If(z)1 > (h(8) - .z)r fir all 
z = reie in the disk 1 z - zO( < Sp, except perhaps in a set of disks the sum of 
whose radii is at most cu Sp. Furthermore, 6 may be chosen so that 
0<6< 
& 
384( 1 + u)( 10 + 3 log 6/o) 
and y may be chosen so that 
E E(1 - 6) 
4( 10 + 3 log 6/w) ’ ’ ’ 2(10 + 3 log 6/m) ’ 
Proof. The proof of the theorem uses the continuity of h(6) and the 
minimum modulus theorem that was just stated. The parameters must be 
picked carefully, partly because of the subtleties of this theorem and partly 
to facilitate the proofs of future theorems. 
Suppose E and o are arbitrary numbers in (0, 1). Let H(q) = 3 + log(3/2q) 
be from Theorem 4.3 and let H= H(o/4). 
Choose 6 satisfying 
0<6< 
E 
384( 1 + o)(3H + 1) 
and let E’ = e/4(3H + 1). It follows that 
6< &’ 1 El 
96(1 + a) ’ 16e(l +a) 1’ 
(4.5) 
Also, 6 < 1/1280e since E < 1. 
Therefore, y may be chosen satisfying 
E 
&’ = 4(3H + 1) < y < 
&(l - 6) 
2(3H+ 1) ’ 
By Theorem 2.1, there exists R, so that log If(re”)I < (h,(6) + .?/2)r for 
all ewhenever r>R,. Let R=2R,. 
Suppose z0 = pe’” is such that p > R and 
log Iftzdl > @,@) - Y)P. (4.6) 
It follows that f(zO) f 0. 
We first prove the theorem for the function g(z) =f(z) exp(-h(a) ze-“) 
where h(a) = hAa). It follows that 
log ( g(reie)( = -rh(a) cos(0 - a) + log If(reie)\. (4.7) 
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Dividing both sides by r and taking the limit superior as r goes to infinity, 
h,(e) = -h(a) COS(~ - U) + hke). 
In particular, h,(a) = 0. 
Furthermore, for r >, R, 
(4.8) 
log 1 g(re”)I G (h,(e) + e’/2)r. (4.9) 
From (4.6) and (4.7), 
1% I &ml 2 -YP. (4.10) 
By Theorem 2.1, we know that I/+(@)( < o for all 0 and that l/r,(@,) - 
vw 4 3o t 4 - e2 1 whenever 119, - 8,l < 7cl4. Together with the Mean 
Value Theorem, (4.8) implies that 
1 w,) - w4)l G 4o 18, - 61 
whenever 10, - 8,( < n/4. 
(4.11) 
Suppose (0 - al < 4e& Since 486 ( n/4, it follows from (4.5) and (4.11) 
that 
h,(e) = h,(e) - h,(a) < ~‘12. 
Therefore, by (4.9), 
log ( g(re”)( < dr (4.12) 
for raR, and (B-al <4e& 
Set G(z) = g(z + r,)/g(z,). We are working toward a lower bound on 
log ( g(z + zO)l in the closed disk (z ( ( Sp and so we want lower bounds on 
log / g(z,)J and log 1 G(z)/. A lower bound on log / g(z,)/ is already provided 
by (4.10). Because G(0) = 1, we can apply the minimum modulus theorem to 
obtain a lower bound for log IG(z)l. 
It follows from (4.12) that log 1 g(z + z,)l < E’ 1 z + z,, / whenever 1 z 1 < 2eSp. 
Therefore, by (4. IO), we have log M,(Zedp) < 3yp. Applying Theorem 4.3 to 
G(z), with the R and q from that theorem equal to Sp and w/4, respectively, 
we have log 1 G(z)/ > -ff3yp for (z ( < 6p, except perhaps in a set of excep- 
tional disks the sum of whose radii is at most c&p. 
It follows from this and (4.10) that for (z ( < Sp and outside the excep- 
tional disks, 
log I gtzo + z)l = log I W)l + log I &,I 
> -(3H+ I)yp 
> -t&/2)(1 - &P 
> -(E/2) Izg + z I. (4.13) 
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Let b = arg(z + zJ where 1 z ( < Sp. Then 1 b - a ( < 4e6 and it follows again 
from (4.5) and (4.11) that h,(b) = h,(b) - h,(a) < cl/2 < c/2. This, together 
with (4.13), implies that log ) g(z, + z)l > (h,(b) - E) 1 z0 t z ) for all 1 z ! Q c?p, 
except perhaps in a set of exceptional disks the sum of whose radii is at 
most w6p. 
Finally. note that the last inequality? together with (4.7) and (4.8), implies 
log \f(z,, t z)\ > (hXb) - E) (zO t z 1 for all (zJ < 6p, except perhaps in a set of 
exceptional disks the sum of whose radii is at most oSp. This concludes the 
proof of Theorem 4.4. 
Suppose now that log If(zJ/j ( z is very close to h(arg z) for all points z on 
some circular arc centered at the origin. Then we can use the previous 
theorem to show log If(z)l/lzl is quite close to h(arg z) at most points z 
inside some ring section containing that circular arc. 
COROLLARY 4.14. Suppose f is an entire function of exponential type 6. 
Let E and w be arbitrary numbers in the interval (0, 1). Then there exists 
positive numbers R, 6. and y with the following property: if p > R and 
log If(pe’e)l > WC@) - Y) P f or each 8 in [a,j3], then log If(z)\ > (h(6) - E)r 
for all points z = reie in the ring section Q = (z = reie: a < 0 <p and 
p(1 -@<r<p(l t@}, except perhaps in a set of disks the sum of whose 
radii is at most 2(p - a + 6) wp. Furthermore, 6 may be chosen so that 
6= 
& 
768( 1 + a)( 10 + 3 log 6/w) ’ 
Proof. We cover Q by disks of radius 2dp centered on the circle (z( = p, 
where 
6= 
E 
768( 1 t a)( 10 + 3 log 6/w) ’ 
Let N = [(p - ct)/S], where ( ] denotes the greatest integer function. Then 
Q c jbo (z: )z - pei’u+j*)l < 26p}. (4.15) 
Let 6, = 26. Then using 6, as the “8” in Theorem 4.4, choose R and y as 
in that theorem. If p > R satisfies log (f (pe")( > (h(8) - E)P for each 8 in 
[a, p], then it follows from Theorem 4.4 and (4.15) that log If(reie)l > 
(h(8) - c)r for all points z = reie in Q, except perhaps in a set of disks the 
sum of whose radii is at most 
2w6p(N+ 1)<2(P-a+&wp. 
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Iffis of sequentially regular growth in the wedge W(a,P), then eventually 
every wide ring section contains a circular arc on which log jf(z)l/lzl is very 
close to h(arg z). Consequently, by Corollary 4.14, a new wide ring section 
containing that circular arc can be found in which log If(z)l/jzI is close to 
h(argz) for all points z not inside some exceptional set of disks. Applying 
this argument repeatedly, to overlapping wide ring sections, log /J(z)~//z~ is 
close to h(arg z) at all points z in W(a,P) outside some exceptional set of 
disks. 
THEOREM 4.16. Suppose f is of sequentially regular growth in W(a,p). 
Let w be an arbitrary number in (0, em2) and let E = --o”~ log w. Then there 
exists R > 0 such that log If(rete)l > (h(8) - E)r for all points z = reie in 
W(a, ,f3) for which r > R, except perhaps for those points lying in some set of 
disks of upper linear density less than (S/log o + r) o’j2, where S and Tare 
constants depending only on a, /I, and J 
Proof. Let o be an arbitrary number in (0, e-2). If E = --wey2 log o, 
then 0 < E < 2/e < 1. Let R i be the R from Corollary 4.14 and choose 6 and 
y as in that corollary. Since f is of sequentially regular growth in W(a, /3), we 
can find R, > 0 with the property that whenever r > R,, there exists p in 
((I - 6)r, r) satisfying log If (pe’“)l > (h(B) - y)p for all 0 in [a,/3]. Let R = 
ma@, , R,). 
Note that for x > R/( 1 - S), the interval ((1 - 6)x, X) contains some 
number p satisfying log If (peie)l > (h(0) - y)p for each 0 in [a,,B]. 
Furthermore, p > (1 - 8)x implies log (f (reie)l > (h(8) - &)r for all points 
z z reie in Q = (z = re”: a ,< 8 </3 and p( 1 - 6) ,< r ,<p(l + 6)}, except 
perhaps in some exceptional set of disks the sum of whose radii is at most 
2(/3-a+6)wp. 
Using this last result, we can inductively choose sequences (xk}T and 
1 pk to” (where p. = RN + 6)) such that for k>, 1 we have xk = 
t1 + 6)Pk-,/(1 - a), Pk in the interval ((1 - 6) xk, xk), and log 1 f (reie)j > 
(h(8)- E)r for all points L = reie in Qk= {z = reie: a < e<p and 
pk(l - 6) < r <pk( 1 + a)}, except perhaps in a set of disks the sum of whose 
radii is at most 2(/l - a + 6) up,. It follows that 
and 
t1 -&P, < t1 +@Pk-1 < Pk (4.17) 
for all k> 1. 
(1 + 6)kR < (1 + d)p, (4.18) 
It follows from (4.17) and (4.18) that W,(a,/?) c CJ,“= L Qk, where 
WR(a, /3) = {z = reie: a < B ,</3 and r > R}. Thus, log 1 f (re’“)l > (h(B) - E)r 
for all points z = reie in W,(a, /3) not lying inside some set of exceptional 
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disks. Call this set of disks D. We now examine P,, the upper linear density 
ofD. 
Letr)Rbearbitraryandchoosensothat(1+6)p,~r<(1+6)p,+,. 
It follows from (4.17) that 
Pn-k < (1 +L)k+, 
for k = 0, 1, 2 ,..., n - 1. Furthermore, 
P nt1 <x,+1 = 
(1 +&P” 
(l-6) +). 
Putting all this together, 
P,(r) Q + F’ 2@ - a + 6) WPk) 
k=l 
n-l 
= 2(p - a + S) w  
Since 6 < l/2, we have PD(r) < (5/S)(p -a + 6)o. 
Let S = -3840( 1 + a)(10 + 3 log 6)(/? - a + 1) and T= 11520(1 + cr) 
(/I - a + 1). Recalling that E = --0 r/z log w  and that 6 is chosen as in 
Corollary 4.14, we see that 
PJr) < (S/log 0 + 7) f.0”2 
for all r > R. Therefore, 
P, < (S/log 0 + 7+) CII”2. 
This concludes the proof of Theorem 4.16. 
Theorem 4.16 almost says that if J is of sequentially regular growth in a 
wedge, then f satisfies the disk definition of completely regular growth in that 
wedge. What Theorem 4.16 does say is that log If(z)l/jzI is close to h(arg z) 
for all points in the wedge sufficientiy far out from the origin, except perhaps 
for those points lying in a set of disks of arbitrarily small linear density. By 
using some techniques of KrasiEkov [3j, we can actually construct an excep- 
tional set of disks of zero linear density. 
THEOREM 4.19. If f is of sequentially regular growth on wide ring 
sections in W(a,,!Q then f satisfies the disk definition of completely regular 
growth in W(a,/?). 
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ProoJ: Choose a sequence {w,}” decreasing to zero. Let c, = 
-WY’ log o, and q,, = (S/log w, + 7) wy2, where S and T are as in 
Corollary 4.16. Furthermore, choose w, < e-’ sufficiently small so that 
V, < l/20. Note that E, and q,, are also decreasing to zero. 
By Theorem 4.16, for each n we can find R, > 0 and an exceptional set of 
disks D,, such that 
loi3 If@‘“)l > (49 - 0 (4.20) 
for all z = reie in lV(a,/3), but not in D,, with r > R,. Furthermore, PO < v,, 
for all n. Using a kind of diagonalization procedure we form our excepiional 
set D of disks of zero linear density by taking some disks from each of the 
sets D, . 
Since P*, (q,, for all n, there exists some x, > R, for which the circle 
JzI =x, does not intersect the disks in D, and D,, and satisfying P+(r) + 
P,Jr) < 2(~, + d2) whenever r ax,. Let E, be the set of disks in D, 
contained in ( z ( < x, . 
Similarly, we can choose x2 > max(2x,, R3) so that the circle Izl =x2 does 
not intersect the disks in D, and D,, and satisfying PE,(r) + P,*(r) + P,,(r) < 
2(1, + q3) for r > x2. Let E, be the set of disks in D, contained in x, < 
IZI <x2. 
We continue in this manner and obtain a sequence (Ej}~ of sets of disks 
where E, is the set of disks in D, contained in xi-, Q 1 z I< Xi. For each j > 1, 
h,(r) + PE*W + ’ ’ * + pE,-,(r) + pDJr> + pD,+,<r> G 2(Vj + Vj+ 1) 
whenever r>x,. We also have x,+,22x, andx,>R,+,. 
Let D = (J& E,. To see that D is a Do-set of disks, let r > x, be 
arbitrary. Choose j such that x, < r < x,+ , . Then 
p&) < PE,W + 4,(r) + - -. + pE,-,W + b,(r) + Poj+,W 
Q 2(1j + Vj+ I)’ 
Since qj is decreasing to zero, it follows that lim,+, PO(r) = 0. Hence, D is a 
DO-set. 
Finally, let E be an arbitrary positive number. Because the sequence (E,} is 
decreasing to zero, it follows from the way we chose the disks in D and from 
(4.20), that log If(re’“)l > (h(B) - e)r for all z = reie not in D and r 
sufficiently large. 
Theorems 4.1, 4.2, and 4.19, show that Definitions 3.1, 3.2, and 3.3 are 
equivalent. 
THEOREM 4.21. The disk definition of completely regular growth, the 
ring definition of completely regular growth, and the definition of sequentially 
regular growth on wide ring sections are equivalent. 
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When the wedge is just the ray arg z = a, our argument shows that the 
definition of completely regular growth on a ray and the definition of sequen- 
tially regular growth on wide intervals are equivalent. In fact, the argument 
is easier in this case because Corollary 4.14 can essentially be omitted and 
consequently, not so much care needs to be put into choosing 6 and E. 
COROLLARY 4.22. f is of completely regular growth on arg z = a if and 
only iff is of sequentially regular growth on wide intertrals on arg z = CL 
Remark. The equivalence of the three definitions of regular growth in 
W(a,P) remains true if f is only assumed to be of exponential type in 
W(a - 1, /I + A) for some positive A. By f of exponential type in W(a - A, 
/I + A), it is meant that f is analytic on W(a - A,p + A) and that 
G, .K(log M,(r)/r) < co where M,(r) = sup{ 1 f (reie)l: a - A < 0 < ,8 + A}. 
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